
Distributing Many
It Points on a

,~
r5='
~I. er -e,..-; ,. :1::'

~,
:~,Ii --,

~ ~:~c E--jr,-~~~ r,-1~!'Jr,-~:]~, ~~LIJli~;~r,-~r,-~,;1E--j
~~~
:1-
~-

J"
i~, I~
-~ I

i ! he problem of distributing a large number of points unifornlly over the su1face of a
;:;;;]

~ I sphere has not only inspired mathematical researchers, it has attracted the attention
5:"~~.
~ .of biologists, chemists, and physicists working in such fields as viral morphology,
~ ,-+ .

~ crystallography, molecular structure, and electrostatics. In two dimensions, the anal-
~:i
~; : ogous problem is simply that of uniformly distributing Coulomb potential law is a challenging problem, some-
-, i points on the circumference of a disk, and equally spaced times referred to as the dual problem for stable molecules.
f~ points provide an obvious answer. So we are faced with Certainly, uniformly distributing many points on the
~- : this question: What sets of points on the sphere imitate the sphere has important applicatio~ to the field of computa-

,"" ! role of the roots of unity on the unit circle? tion. Indeed, quadrature formulas rely on appropriately

~; ; One way such points can be generated is via optimiza- chosen sampled data-points in order to approximate area
!~ j tion with respect to a suitable criterion such as "general- integrals by taking averages in these points. Another ex-
,~- ; ize,d energy." Although there is a large and growing litera- ample arises in the study of computational complexity';
;§; ture concerning such optimal Spherical configuratio~ of where M. Shub "and'S. Smale [22] encountered the problem -

~ I N points when N is "small," here we shall focus on this of determining spherical points that maximize the product
question from an asymptotic perspective (N --00). of their mutual distances.

The discovery of stable carbon-60 molecules (Kroto, et These various points of view clearly lead to different ex-
, al., 1985)* with atoms arranged in a spherical (soccer ball) tremal conditions imposed on the distribution of Npoints.

..~ pattern has had a considerable influence on current scien- Except for some special values of N (e.g., N = 2, 3, 6, 12,

-," tific pursuits. The study of this CGO buckminsterfullerene 24) these various conditions yield different optimal con-
-,O" also has an elegant mathematical component, revealed by figurations. However, and this is the main theme of this ar-

F.R.K Chung, B. Kostant, and S. Sternberg [5]. Now the ticle, the general pattern for optimal configurations is the
.search is on for much larger stable carbon molecules! same: points (for Nlarge) appear to arrange themselves ac-
:- Although such molecules are not expected to have a strictly cording to a hexagonal pattern that is slightly perturbed in

:j;, " spherical structure (due to bonding constraints), the con- order to fit on the sphere.
;cf ' struction of large stable configurations of spherical points To make this more precise, we introduce some notation.

i.s of interest here, as an initial step in hypothesizing more We denote by 82 the unit sphere in the Euclidean space R3:
complicated molecular net structures. 2 -3. xI-

In electrostatics, locating identical point charges on the 8 -{x E R .I .I -I}.

sphere so that they are in equilibrium with respect to a Lebesgue (area) measure on 82 is denoted by 0", so that

'Curl, Kroto, and Smalley received the 1996 Nobel Prize in Chemistry for their work on fullerej,~~.

:,. C 1997 SPRINGER-VERlAG NEW YORK. VOLUME 19. NUMBER I, 1997 5

--~~ ~~



o(8~ = 41T. A generic subset of 82 withN elements will be were obtained first by W. Habicht and B. 1. van d
denoted by WN. Associated with a configuration WN = {XI, Waerden [13]. They proved that for some constant C> rX2, ..., XN} is a partitioning of the sphere into Dirichlet '

(Voronoi) cells DI, ..., DN: ( 81T ) lfl N-lfl- CN-z..-J :5 dN:5 ( 81T ) lfl N-lfl.

Dj := {x E 82 : ~ -Xjl = min ~ -xkl}, j = 1, ..., N. ~ ~
ISksN

..The essential idea for establishing the lower bound is to
These Dmchlet cells are closed subsets of 82 satisfying project the hexagonal tiling of the plane onto the sphere,

N from which the dommant term
U Dj = 82, Dj n Dk has empty interior if j :#: k.
j=1 (8 )lfl c5'= 1T N-lfl

For large numbers of points, we have observed experi- 1'1 .~

mentally (numerically) that all but exactly 12 of the
Dirichlet cells for an optimal configuration are hexagonal. can be seen to arise via the fo~owing he~tic argument
The exceptional cells are pentagons. For a planar hexagonal lattice normaJi!-ed so that the

minimal distance between points is 1,

Why Hexagons? {m + nei~ : m,n E 7l},
In the plane, we have the regular hexagonal tiling, and the
centers and vertices of such hexagons solve several im- the Dirichlet cell of each lattice point is a hexagon with
portant extremal problems in the plane. One example is area \13/2. Considering an optimal arrangement of N
the best-packing problem: Arrange nonoverlapping disks ~oints on the sphere, we now imagine that a typical point
of the same fixed radius so that the number of disks per 18 the center of a Dirichlet cell whose projection on a tan-
unit area is maximized. Likewise, the so-called best-cover- gent plane is part of a suitably scaled hexagonal lattice.
ing problem is solved by the same points generated from (Here, we ignore the 12 pentagonal cells.) The required
the hexagonal tiling. scaling factor c5N is obtained by equating total areas:

We cannot tile the sphere using only hexagons. This is
a consequence of the formula for the Euler characteristic: N ~ 8F.r = 41T,
F -E + V = 2, where F is the number of faces, E is the 2

number of edges, and V is the number of vertices. A mod- hi h . th al ~ (8 -1;: 3)lfl N -lfl ~ th..w c gives e v ue UN = 1T1 V OJ J.or e ap-
ification of the hexagonal pattern such as the addition of . t .. al distan b tw . .prOXIma e numm ce e een pomts.
some pentagonal faces IS needed for spherical tessellation. Th t hni f h al . ti h als bAgam .

fr th Eul h t . ti . t ~ 11 th e ec que 0 exagon proJec ons as 0 een

, om e er c arac ens c 1 J.O ows at any
tiling f th h . tin I .' I f h recently employed by the authors to study a general class

0 e sp ere COnslS g exc uslve y 0 exagons and ..
pentag t h tl 12 tag ( .of nummal-energy problems that we now describe.

ons mus ave exac y pen ons assummg ex-
actly 3 edges emanate from each vertex). These 12 pen-
tagons may be viewed as the deformations (perturbations) Extremal Energy
in the hexagonal pattern, enabling it to fit on the sphere. Fekete points xi, x~, ..., 4 on the sphere are points that

As an example, we have for N = 32 the familiar soccer minimize

ball design, which has 12 pentagonal and 20 hexagonal
faces. The dual structure of the soccer ball consisting of E(l, WN):= I ~j -xkl-l.

l,sj<ksN
carbon atoms placed at the vertices of the faces is the pre-
viously mentioned C60 molecule. Another, rather ancient Physically, this represents the energy of N charged parti-
and more complicated example is depicted on the cover of cles that repel each other according to Coulomb's law.
The Mathematical InteUigencer, vol. 17, no. 3 (summer More generally, one may consider points that minimize the

1995), as the tiling of the ball beneath the lion's paw in as-energy
statue guarding the gates of a Chinese palace (finding the
pentagonal faces amongst the many hexagonal ones there E(s, WN) := I ~j -xkl-s, s> o.
.. di l,sj<ksN
18 an amusmg version).

As s ~ 00, with N fixed, the s-energy is increasingly domi-
Best Packing on the Sphere nated by the term involving the smallest of the distances. In
This is one of the most studied problems in the mathe- this sense, the problem leads to the best-packing problem.
matical literature dealing with spherical point arrange- Of related interest are points that maximize the product
ments. It is also referred to as Tammes's problem, or the of the distances
hard-spheres problem. It asks us to maximize the smallest
distance among N points on the Sphere. (For background I1 ~j -xkl.

, ISj<k:SN
see, e.g., [6].)

Asymptotic results on This is equivalent to minimizing the logarithmic energy

dN:= max ~ ~j-Xkl E(O,<zJN):= I 10g-1-,
XL xNE$2 I,sJ<ksN ISj<ksN ~j -xkl
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